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The following problem was proposed by Thomas Ihringer in [l]: are there, for every n E IV, 
only finitely many possibilities f(n) to dissect a square into n rectangles of equal size? 
We prove that the answer is ‘yes’. We also prove that lim,,_ f (n)“” exists. 
Thomas Ihringer proposed the following problems [l, Problem 341: 
Problem 1. Are there, for every n E N, only finitely many possibilities to dissect a 
square into n rectangles of equal size? 
Problem 2. If the answer of (1) is ‘yes’, give for every n E N the number f(n) of 
possibilities, or at least nontrivial lower and upper bounds for f(n). 
We shall prove the following result 
Theorem. There are only finitely many f(n) dissections 
of equal area. Moreover, the limit lim,,, f(n)“” exists. 
of a square into rectangles 
Proof. Two dissections of a unit square are equal if there is an isometric mapping 
of the unit square into itself, which maps the first dissection into the second one. 
The number of distinct dissections is denoted by f(n) - a priori it can be infinity. 
For our purpose it is convenient to give the unit square an orientation and a 
distinguished edge (a ‘rooted’ square) and restrict mappings to those which 
preserve the orientation and map the distinguished edge (the ‘root’) into itself. 
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The number of distinct dissections, when isometries are restricted in this way, is 
denoted by g(n). Note that f(n) s g(n) < Sf( n , since the group of symmetries of a ) 
square has 8 elements. We intend to prove that g(n) is finite. This will follow from 
a theorem by W. T. Tutte showing that there are 2(2n)! 3”/n! (n + 2)! rooted maps 
with n edges [4, 5.11. 
A (planar) map is a cell complex which arises when a planar connected graph is 
embedded in the plane. The edges and vertices of the graph are the edges and 
vertices of the map. The simply connected regions are its 2-cells. A map is rooted 
when some edge A is specified as the root, and a complete orientation of A is 
given. This means that a direction of A is specified and also the left and right 
sides of A. 
Two rooted maps are defined to be equal when there is a homeomorphism of 
the plane, which maps one of the rooted maps onto the other preserving root 
edges and the complete orientation. 
Consider a dissection of the rooted unit square into n rectangles. We associate 
a rooted map with the dissection; the root will be the first edge of a rectangle 
along the root edge of the unit square. 
We claim that two different dissections of the unit square into n rectangles of 
equal area can not give the same rooted map. 
In order to prove this we use an orthogonal coordinate system and assume that 
the unit square has corners in (0, @, (1, 0), (1, 1) and (0,l). The root edge will be 
the one directed from (0,O) to (1,O). 
Assume that D1 and D2 are two dissections of the unit square into n rectangles, 
which give the same rooted map M. There is then a homeomorphism h of the unit 
square onto itself, which maps D1 onto D2 preserving the root edges. Let (a,, bi), 
i = 1,2, . . . , m, be an enumeration of all vertices of rectangles in D1 and put 
h((q, ZJi)) = (ai, bi) for i = 1,2,. . . , Fn. Let 
a’,) = $(e + ai) and 6: = 3( bi + bf) (i = 1,2,. . . , m). 
We claim that the points (al, by) (i = 1,2, . . . , m) are vertices in a dissection D3 of 
the unit square, which corresponds to the same rooted map M. 
We need to know that h maps a horizontal (vertical) edge [(u+ bi), (9, bj)] of D1 
into a horizontal (vertical) edge [(a:, bi), (al, b;)] of D2. This follows by induction. 
Consider an enumeration R1, R2, . . . , R, of all rectangles of the dissection D1, 
where RI is the one which contains the root edge of the dissection and each one 
in the sequence shares part of an edge with a previous rectangle. It follows then 
that [(a:, by), (a:, b’,)] is horizontal (resp. vertical) in D,. Hence, four corners 
P, Q, R, S of a rectangle in D1 give four points P”, Q”, R”, S”, which are corners 
of a rectangle in D3. Also note that incidences between vertices and edges in D, 
are preserved, i.e. if P E (Q, R), then P” E (Q”, R”). Therefore D3 gives the same 
abstract cell complex as D1 and D2. There is then a piecewise-linear 
homeomorphism mapping D1 onto D3 [3, Lemma 2.181 preserving the root edge, 
i.e. D1, D2 and D, belong to the same rooted map. 
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Assume that rectangle Ri in dissection Di has sides of lengths X+ yij (i = 
1,2,...,n; j= 1,2,3). By the construction of D3 
xi3=$(xi1+xid, Yi3 =%YiI + Yid- 
By assumption we have 
xi 1Yi 1 = xi2Yi2 = l/n (i = 1,2, . . . , n). 
The inequality between geometric and arithmetic means gives then 
l/n = (xilX,2)‘(YilYi2Psxi3Yi3 (i = 1,2,. . . , n). 
But D3 is a dissection of the unit square. Therefore 
(1) 
n 
c xi3Yi3 = l* 
i=l 
It follows that the inequalities (1) hold with equality, i.e. xi1 = xi2 and yil= yi2 for 
i=1,2,..., n and D1 = D2 not just as planar maps but geometrically as dissec- 
tions. We have proved that at most one dissection into rectangles of equal area 
corresponds to the rooted map M. By the above mentioned result of Tutte on the 
number of rooted maps, it follows that g(n)SC” for a constant C. 
Assuming that we know that g(m + n)* g(m)g(n) for all m, n z 1, we may now 
conclude that lim,,, f(n)“” = lim,,, g(n)“” exists. For, by an exercise in [2, Part 
1, Chapter 3, Problem 981, assuming u,,,+,, Su,,, + a, for all n, m a 1 then 
lim,,, u.,.Jn exists or u,,/n + -m. Put u,., = -log g(n), and the conclusion follows. 
We now supply the proof for the inequality’ g(m + n) a g(m)g(n) for m, n 2 1. 
Choose two dissections of the unit square into m and n rectangles of area l/m 
and l/n respectively. Then perform dilations of the unit square in the direction of 
the root edge which transform the unit square into two rectangles of sizes 1 by 
m/(m + n) and 1 by n/(m + n) respectively. Then put them together side by side to 
a dissection of the unit square into rectangles of area l/(m + n). Distinct pairs of 
rooted dissections will give different dissections of the rooted unit square. This 
completes the proof of our theorem. 
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